Abstract. We give a detailed description of the arithmetic Fuchsian group of the Bolza surface and the associated quaterion order. This description enables us to show that the corresponding principal congruence covers satisfy the bound sys(X) > 4 3 log g(X) on the systole, where g is the genus. We also exhibit the Bolza group as a congruence subgroup.
Introduction
In 2007, Katz, Schaps and Vishne [8] proved a lower bound for the systole of certain arithmetic Riemann surfaces, improving earlier results by Buser and Sarnak (1994 [5, p. 44] ). Particularly sharp results were obtained in [8] and [9] for Hurwitz surfaces, namely Riemann surfaces with an automorphism group of the highest possible order, yielding a lower bound sys(X g ) > 4 3 log g (1.1)
in terms of the genus g for principal congruence subgroups corresponding to a suitable Hurwitz quaternion order defined over Q(cos 2π  7 ). Makisumi (2013 [12] ) proved that the multiplicative constant 4 3 in the bound (1.1) is the best possible asymptotic value for congruence subgroups of arithmetic Fuchsian groups. Schmutz Schaller (1998 [16, Conjecture 1(i), p. 198]) conjectured that a 4/3 bound is the best possible among all hyperbolic surfaces. Additional examples of surfaces whose systoles are close to the bound were recently constructed by Akrout & Muetzel (2013 [1] , [2] ). The foundations of the subject were established by Vinberg (1967 [19] ).
We seek to extend the bound (1.1) to the case of the family of Riemann surfaces defined by principal congruence subgroups of the (3, 3, 4) triangle group corresponding to a quaternion order defined over Q( √ 2), which is closely related to the Bolza surface.
The Fuchsian group of the Bolza surface, which we henceforth denote B, is arithmetic, being the group of units, modulo {±1}, in an order of the quaternion algebra
over the base field K = Q( √ 2). The splitting pattern of this algebra is determined in Section 5. Let O K = Z[ √ 2] be the ring of integers of K. This is a principal ideal domain, so we may speak of elements of O K as being prime. We will prove Theorem 1.1 in Section 6. We denote Q B = Q.
Theorem 1.2. Almost all principal congruence subgroups of the maximal order Q B satisfy the systolic bound (1.1).
This is proved in Section 9, where a more detailed version of the result is given. In fact, Theorem 1.2 is a consequence of the following more general result. For an order Q in a quaternion algebra D, let Q 1 be the group of units of Q and let d be the dimension over Q of the center of Q. We define a constant Λ D,Q ≥ 1 depending on the local ramification pattern (see Section 9) . Let X 1 be the quotient of the hyperbolic plane H 2 modulo the action of Q . Then almost all the principal congruence covers of X 1 satisfy the bound sys > 4 3 log g.
Returning to the Bolza order, we have the following result. B /{±1} is isomorphic to the triangle group ∆ (3, 3, 4) .
In Corollary 10.4 we find that the Bolza group B has index 24 in Q 1 B /{±1} and is generated, as a normal subgroup of Q 1 B /{±1}, by the element (αβ) 2 (α 2 β 2 ) 2 . It immediately follows that B is contained in the principal congruence subgroup Q 1 B ( √ 2)/{±1}. However, this congruence subgroup has torsion: it contains an involution closely related to the hyperelliptic involution of the Bolza surface (see Section 11) . Working out the ring structure of Q B /2Q B , we are then able to compute the quotient BQ It follows that B is a congruence subgroup. Moreover, we show that Q 1 B / −1, B ∼ = SL 2 (F 3 ), explaining some of the symmetries of the Bolza surface. The full symmetry group, GL 2 (F 3 ), comes from the embedding of the triangle group ∆ (3, 3, 4) in ∆ (2, 3, 8) ; see Corollary 13.3.
In the last Section 14 we analyze a pair of "twin Bolza" surfaces corresponding to a splitting of the rational prime 7 as a product of two algebraic primes in Q( √ 2).
Fuchsian groups and quaternion algebras
A cocompact Fuchsian group Γ ⊂ PSL 2 (R) defines a hyperbolic Riemann surface H 2 /Γ, denoted X Γ , where H 2 is the hyperbolic plane. If Γ is torsion free, the systole sys(X Γ ) satisfies 2 cosh
where M runs over all the nonidentity elements of Γ. We will construct families of Fuchsian groups in terms of suitable orders in quaternion algebras. Since the traces in the matrix algebra coincide with reduced traces (see below) in the quaternion algebra, the information about lengths of closed geodesics, and therefore about systoles, can be read off directly from the quaternion algebra. Let k be a finite dimensional field extension of Q, let a, b ∈ k * , and consider the following associative algebra over k:
The algebra A admits the following decomposition as a k-vector space:
Such an algebra A, which is always simple, is called a quaternion algebra. The center of A is precisely k.
and the reduced norm of x is
Definition 2.2 (cf. Reiner 1975 [14] ). An order of a quaternion algebra A (over k) is a subring with unit, which is a finitely generated module over the ring of integers O k ⊂ k, and such that its ring of fractions is equal to A.
If a and b in (2.2) are algebraic integers in k * , then the subring O ⊂ A defined by
is an order of A (see Katok 1992 [6, p. 119]), although not every order has this form; a famous example of an order not having the form (2.3) is the Hurwitz order in Hamilton's quaternion algebra over the rational numbers. Note that here the scalars are taken from the ring of integers O k , rather than the field k.
3. The (2, 3, 8) and (3, 3, 4) triangle groups
The Bolza surface can be defined by a subgroup of either the (2, 3, 8) or the (3, 3, 4) triangle group. We will study specific Fuchsian groups arising as congruence subgroups of the arithmetic triangle group of type (3, 3, 4) . First we clarify the relation between the (3, 3, 4) and the (2, 3, 8) groups. Let ∆ (2, 3, 8) denote the (2, 3, 8) triangle group, i.e.
∆ (2, 3, 8) 
Let h : ∆ (2, 3, 8) → Z/2Z be the homomorphism sending x to the nontrivial element of Z/2Z and y to the identity element.
Lemma 3.1. As a subgroup of ∆ (2, 3, 8) , the kernel of h is given by
where α = y and β = xyx.
Proof. The presentation can be obtained by means of the ReidemeisterSchreier method, but here is a direct proof. Note that xy n x = (xyx) n = β n . Each element t ∈ ker(h) is of one of 4 types:
with an even number of x's, where all the exponents n i are either 1 or 2. To show that each element can be expressed in terms of α and β, we argue by induction on the length of the presentation in terms of x's and y's. Type (1) is reduced to (a shorter) type (2) by noting that xy n 1 xy
is reduced to (a shorter) type (1) by noting that y n 1 xy n 2 · · · xy n k x = α n 1 xy n 2 · · · xy n k x. Type (3) is reduced to type (4) by noting that xy (4) is reduced to (a shorter) type (3) by noting that y n 1 xy
For a finitely generated non-elementary subgroup Γ ⊂ PSL 2 (R), we define Γ (2) = t 2 : t ∈ Γ . , we note that the "double" of T , namely the union of T and its reflection in its (longer) side opposite the angle π 3
, is an isosceles triangle with angles , proving the lemma. Definition 3.3. Let Γ be a finitely generated non-elementary subgroup of PSL 2 (R). The invariant trace field of of Γ, denoted by kΓ, is the field Q(trΓ (2) ). In particular, λ(3, 3, 4) = √ 2. Therefore by [11, p. 265] , the invariant trace field of ∆ (3, 3, 4) 
By Takeuchi's theorem ( [17] ; see [11, Theorem 8.3.11] ), the (ℓ, m, n) triangle group is arithmetic if and only if for every non-trivial embedding σ of its invariant trace field in R, we have σ (λ(ℓ, m, n)) < 0. The field Q( √ 2) has two imbeddings in R. The non-trivial imbedding sends √ 2 to − √ 2 < 0. Therefore by Takeuchi's theorem, the group ∆(3, 3, 4) is arithmetic.
Partition of Bolza surface
The Bolza surface M is a Riemann surface of genus 2 with a holomorphic automorphism group of order 48, the highest for this genus. The surface M can be viewed as the smooth completion of its affine form
Here M is as a double cover of the Riemann sphere ramified over the vertices of the regular inscribed octahedron; this is immediate from the presentation (4.1) where the branch points are 0, ±1, ±i, ∞. These six vertices lift to the Weierstrass points of M. The hyperelliptic involution of M fixes the six Weierstass points. It also switches the two sheets of the cover and is a lift of the identity map on the Riemann sphere. The hyperelliptic involution can be thought of in affine coordinates (4.1) as the map (x, y) → (x, −y). The projection of M to the Riemann sphere is induced by the projection to the x-coordinate.
The surface M admits a partition into (2, 3, 8) triangles, which is obtained as follows. We start with the (octahedral) partition of the sphere into 8 equilateral hyperbolic triangles with angle π/4. We then consider the barycentric subdivision, so that each equilateral triangle is subdivided into 6 triangles of type (2, 3, 8) .
Here the Weierstrass points correspond to the vertices of the (2,3,8) triangle with angle π/8. The partition of the Riemann sphere into copies of the (2, 3, 8) triangle induces a partition of M into such triangles. On the sphere, we have 8 triangles meeting at each branch point (corresponding to a Weierstrass point on the surface), for a total angle of π around the branch point. This conical singularity is "smoothed out" when we pass to the double cover to obtain the hyperbolic metric on M.
To form the (3, 3, 4) partition, we pair up the π/8 angles, by combining the (2, 3, 8) triangles into pairs whose common side lies on an edge of the octahedron. This creates a partition of the sphere into copies of the (3, 3, 4) triangle and induces a partition of M into copies of the (3, 3, 4) triangle. Therefore the vertex of the (3, 3, 4) triangle where the angle is π/4 lifts to a Weierstrass point on M.
The quaternion algebra
To study the (3, 3, 4) case, we will exploit the quaternion algebra
(see Maclachlan and Reid 2003 [11, p. 265] ). Denote by σ 0 the natural embedding of K in R and by σ the other embedding, sending
Definition 5.1. A quaternion algebra D is said to split under a completion (archimedean or nonarchimedean) if it becomes a matrix algebra. It is said to be ramified if it remains a division algebra.
Remark 5.2. In general there is a finite even number of places where a quaternion algebra ramifies, including the archimedean ramified places.
1
Our algebra D B ramifies at two places: the archimedean place σ and the nonarchimedean place ( √ 2) (see below). Proof. Since √ 2 > 0, we have
1 Recall that in the Hurwitz case there are two archimedean ramified places and no nonarchimedean ones (see [8] ). Proof. Indeed D B is a domain as a subring of D B ⊗ σ R, and being algebraic over its center, it is a division algebra. 
Proof. The ring of integers of
, in which the ideals ( √ 2) and (3) are primes. The discriminant of D B is −6 √ 2, which is co-prime to any other prime ideal of Z[
. It follows that the algebra splits over any prime other than ( √ 2) and (3). Recall that Q p denotes the field of p-adic numbers, where p is a rational prime. Notice that 2 is not a square in Z/3Z, and therefore it is not a square in Q 3 , so the completion
at the prime 3 is a quadratic extension of Q 3 . To show that the algebra splits over
. By Hasse's principle, it suffices to solve the equation in the residue field
, where one can take
). Finally we show that D B remains a division algebra under the completion of Q( √ 2) at the prime ( √ 2), which is Q 2 ( √ 2). It suffices to show that √ 2 is not of the form x 2 + 3y 2 for x, y ∈ Q 2 ( √ 2). Clearing out common denominators, we will show that there is no non-zero solution to
We may assume not all of x, y, z are divisible by √ 2. This equation does have a solution modulo 4 (indeed, take x = y = 1 and z = 0). We will show that there is no solution modulo 4 √ 2. So assume
Observe that if one of x, y is divisible by √ 2, then they both are. But in that case z is also divisible by √ 2, contrary to assumption. So we can write x = 1 + √ 2x
, and we write y
so clearly z is divisible by √ 2, and then
, a contradiction since y ′′ + y ′′2 is always divisible by 2.
The standard order in D B and maximal orders containing it
In this section we prove Theorem 1.1. Recall that an order M in a quaternion algebra D over a number field is maximal if and only if its discriminant is equal to the discriminant of D [18, Corollaire III. 5.3] , where the discriminant of D is the product of the ramified non-archimedean primes. If M happens to be free as an O Kmodule, spanned by x 1 , . . . , x 4 , then its discriminant is easily computed as the square root of the determinant of the matrix of reduced traces (Tr D (x i x j )).
Since a = −3 and
This is the "standard order" resulting from the presentation of D B , for which we have disc(O) Notice that
is an algebraic integer. We make the following observation.
which is spanned as a (free) O K -module by the elements 1, α, j, αj.
Proof.
The claim on the discriminant of O 1 then follows from computing the determinant of the 4 × 4 traces matrix, using tr(α) = 1 and tr(jαj) = √ 2.
and consider the O K -module
Proof. First note that
To prove that Q is an order it suffices to show it is closed under multiplication, which follows by verifying the relations:
Maximality of Q follows by computation of the discriminant, which turns out to be √ 2.
Also let γ
(3 + i) 1 + (1 + √ 2)j , and
Notice that Q ′ = iQi −1 is conjugate to Q. 
,
. Furthermore, the norm of y is an algebraic integer, proving that 12
. Working modulo powers of √ 2, we conclude as in Proposition 5.3 that
, so in fact
where γ +1 = γ and γ −1 = γ ′ . Thus y is an element of Q (if θ = 1) or of Q ′ (if θ = −1).
is not an algebraic integer.
The Bolza order
In order to present the triangle group ∆ (3, 3, 4) as a quotient of the group of units in a maximal order, we make the following change of variables. Let
where γ is defined in (6.2)) and
we have that
In particular, Q B is a maximal order by Proposition 6.2.
One has
Theorem 7.1. The order Q B is spanned as a module over O K by the basis {1, α, β, αβ}, so that
The following relations are verified by computation:
(1)
and thus α( Proposition 8.1. The elements α, β defined in (6.1) and (7.1) satisfy the relations
Proof. First we note that N(α) = N(β) = 1. The minimal polynomial of every non-scalar element of D B is quadratic, determined by the trace and norm of the element. Since tr(α) = tr(β) = 1, both α and β are roots of the polynomial λ 2 − λ + 1, which divides λ 3 + 1. Similarly tr(αβ) = − √ 2, so αβ is a root of λ 2 + √ 2λ + 1, which divides λ 4 + 1.
A comparison of the areas of the fundamental domains shows that in fact Q 1 B = α, β and that Q 1 B /{±1} is isomorphic to the triangle group ∆ (3,3,4) .
A lower bound for the systole
We quote the definition of the constant Λ D,Q from [8, Equation (4.9)]. Let T 1 denote the set of finite places p of K for which D p is a division algebra, and let T 2 denote the set of finite places for which Q p is nonmaximal. It is well known that T 1 and T 2 are finite. We denote
where for a diadic prime, e(p) denotes the ramification index of 2 in the completion O p , namely p e(p) O p = 2O p , and N(I) denotes the norm of the ideal I. This constant is chosen in [8] to ensure that [Q 1 :
3 , for any ideal I. Recall that if I⊳O K is any ideal, then Q 1 (I) is the kernel of the natural map Q→(Q/IQ) 1 induced by the ring epimorphism Q→Q/I. This congruence subgroup gives rise to the surface X I = H 2 /Q 1 (I), which covers X 1 . A bound for the reduced trace was given in [8, Equation (2.5)] as follows. Let x = ±1 in Q 1 (I). Then we have
By [8, Corollary 4.6], we have
. Then all but finitely many principal congruence covers of X 1 satisfy the relation sys > 4 3 log g.
Proof.
A hyperbolic element x in a Fuchsian group Γ ⊆ PSL 2 (R) is conjugate to a matrix λ 0 0 λ −1
.
Here λ = e ℓx/2 > 1, where ℓ x > 0 is the length of the closed geodesic corresponding to x on the Riemann surface H 2 /Γ. Since
we get ℓ x = 2 log |λ| > 2 log Tr M 2 (R) (x) − 1 .
Expanding the argument under the logarithm as a series in g, we find that the coefficient of the highest term g 2/3 is
When this coefficient is strictly greater than 1, for sufficiently large g we have that sys(X I ) > 4 3 log (g(X I )) .
A closer inspection of (9.3) enables us to provide an explicit bound on the genera g for which the inequality of Proposition 9.1 holds. Remark 9.2. We have that 2 log 1
if and only if
for every g ≥ 13, we conclude that if 2
, then sys > 4 3 log g provided that 
= 24. Finally the dimension of the invariant trace field over Q is d = 2, so the condition 2
of Proposition 9.1 holds since 12 < 24.
In order to obtain the explicit lower bound on g, we substitute in Remark 9.2, using the numerical value 6 3/2 ≈ 14.697.
The Fuchsian group of the Bolza surface
In this section we give an explicit presentation of the Fuchsian group of the Bolza surface in terms of the quaternion algebra Q B . We start with a geometric lemma that will motivate the introduction of the special element exploited in Lemma 10.2. Proof. Consider the geodesic ρ passing through A and B. Then the composition τ B • τ A is a hyperbolic translation along ρ with displacement distance precisely sys(M), and the projection of ρ back to M is precisely the systolic loop.
We now apply Lemma 10.1 in a situation where the points A and B are lifts of Weierstrass points on the Bolza surface (see Section 4 for details). The composition of the involutions (αβ) 2 and (α 2 β 2 ) 2 yields the desired element.
Proof. One has (αβ)
Proposition 10.3. The normal subgroup of the (3, 3, 4) triangle group generated by the element (αβ) 2 (α 2 β 2 ) 2 has index 24. The normal subgroup is generated by the following four elements:
which satisfy a single length-8 relation c 3 c This was checked directly using the magma package. Proof. The presentation of the Fuchsian group given in Proposition 10.3 implies that the surface has genus 2. This identifies it as the Bolza surface which is the unique genus-2 surface admitting a tiling of type (3, 3, 4) or (2, 3, 8) ; see Bujalance & Singerman (1985 [4, p. 518] [15] ). Therefore all 4 generators specified in Proposition 10.3 correspond to systolic loops.
Henceforth we denote the Fuchsian group of the Bolza surface by B.
An elliptic element of order 2
The principal congruence subgroup Q 1 B ( √ 2) contains the Fuchsian group of the Bolza surface (see Lemma 10.2), but it also contains torsion elements. The element
defines an elliptic (torsion) element of order 2 in the Fuchsian group. Indeed, applying the relations given in Theorem 7.1, we have (αβ) 2 = −1 − √ 2αβ. Hence
and therefore ̟ is of order 2 in the Fuchsian group. By the above, ̟ = −(αβ) 2 . The fixed point of ̟ can be taken to be the vertex of a (3, 3, 4) triangle where the angle is π/4. The element αβ gives a rotation by π/2 around this vertex, and therefore ̟ gives the rotation by π around the vertex of the (3, 3, 4) triangle where the angle is π/4. Proof. The involution ̟ is a rotation by π around a Weierstrass point (see Section 4), namely the vertex of the (3, 3, 4) triangle where the angle is π/4. Therefore ̟ descends to the identity on the Riemann sphere. Thus ̟ lifts to the hyperelliptic involution of M.
Quotients of the Bolza order
In the next section we compare the Bolza group with some principal congruence subgroups. To this end, we need to compute quotients of the Bolza order Q B .
Remark 12.1. In Theorem 7.1 we obtained the presentation
The symplectic involution z → z * on the quaternion algebra D (of (5.1)) is defined by i * = −i and j * = −j. It follows from the definition of α, β in (6.1) and (7.1) that
so in particular the order Q B is preserved under the involution. This is particularly useful for the computation of the groups, because the norm is defined by N(x) = xx * for every x ∈ D.
12.1. The Bolza order modulo 2. Let us compute the ring Q B = Q B /2Q B , which will be used below to compute the index of 
Proof. Replacing β by β ′ = β + α + 1 + ǫ in the presentation of Remark 12.1, we obtain the quotient
where ǫ is understood to be central (which actually follows from the relations). This ring has a maximal ideal J = β ′ Q B , with J 2 = ǫQ B and J 3 = ǫβ ′ Q B , and with a quotient ring
Taking
where β ′ acts on F 4 by β ′ α = (α + 1)β ′ , β ′2 = ǫ and ǫ 2 = 0, so the ring has 256 elements.
The quotients
Q B = Q B / √ 2Q B . Since ǫ stands for √ 2, we immediately obtain the quotient Q B / √ 2Q B = Q B /ǫ Q B : Proposition 12.3. Q B = Q B / √ 2Q B
is a local noncommutative ring with a maximal ideal with 4 elements and a quotient field of order 4.
Proof. Taking ǫ = 0 in the presentation of Q B = Q B /2Q B obtained above, we get
which can be written as
this quotient of Q B = Q B /2Q B has 16 elements. The ideal
has four elements, and (β ′ Q B ) 2 = 0.
12.3. Involution and norm. The involution defined on Q B clearly preserves 2Q B , so it induces an involution on the quotient Q B . Using (12.1), we conveniently have that β ′ * = β * + α * + 1 + ǫ = β ′ . The subring F 2 [ǫ, α] of Q B is commutative, and the involution induces the automorphism σ : F 2 [ǫ, α]→F 2 [ǫ, α] defined by σ(α) = α + 1 and σ(ǫ) = ǫ. The norm defined above coincides with the Galois norm,
we have for
Together, we have N(x 00 +x 01 α+x 10 β ′ +x 11 αβ ′ ) = (x 2 00 +x 00 x 01 +x In contrast, when we reduce further to the quotient Q B = Q B / √ 2Q B , which is equal to Q B /ǫQ B , the induced norm function takes values in
where only the identity is invertible. We therefore obtain the following corollary. 
Similarly to congruence subgroup of Q B , for every ideal I⊳Q B which is stable under the involution (so that the involution and thus the norm are well defined on the quotient Q B /I), we have the subgroups
when I = xQ B , we write Q B 1 (x) and Q B × (x) for Q B 1 (xQ B ) and
Proposition 12.6. The numbers along edges in Figure 12 .1 are the relative indices of the depicted subgroups.
Proof. The argument leading to Corollary 12.4 also implies that
because the invertible element 1 + ǫα, whose norm is 1 + ǫ and not 1, is in Q B × (ǫ). However,
. Moreover, since Q B is explicitly known, it is easy to compute the quotients
; together, we have all the indices of the subgroups as depicted in the diagram.
Since we encounter several small classical groups, let us record their interactions.
Remark 12.7. The group A 4 of even permutation on 4 letters is isomorphic to PSL 2 (F 3 ), and S 4 ∼ = PGL 2 (F 3 ). The group A 4 has two central extensions by Z 2 : the trivial one, namely A 4 × Z 2 , and the group SL 2 (F 3 ). Likewise GL 2 (F 3 ) is a central extension of S 4 by Z 2 , and we have the short exact sequences
where the image of Z 2 in both groups is central. Since A 4 has the triangle group presentation
it follows that SL 2 (F 3 ) can be presented as 
2)
Proof. The elements α, β ∈ Q 1 B , which satisfy α 3 = β 3 = −1, map to their images α, β ∈ Q B 1 . In Q B 1 we have the relations α 3 = β 3 = 1 (noting that −1 = 1 in Q B = Q B /2Q B ), and also, by computation, (αβ)
since in this quotient (αβ) 2 = 1 + ǫ, which is central of order 2. By Remark 12.7, the group with this presentation is SL 2 (F 3 ), of order 24. To complete the proof, it remains to show that the image of α, β in Q B 1 /Q B 1 (ǫβ ′ ) has order 24. This can be done by computing in each quotient separately:
isomorphic to Z/2Z × Z/2Z;
• and (αβ) 2 generates Q B 1 (ǫ)/Q B 1 (ǫβ ′ ) ∼ = Z/2Z as we have seen.
As for the second isomorphism, passing with the previous item to the quotient Q B 1 /Q B 1 (ǫ), we have that
so we get the triangle group ∆ 3,3,2 ∼ = A 4 . (An explicit isomorphism is obtained by α → (123) and β → (124)).
Remark 12.9. The following quotients decompose as direct products:
Proof. The element 1 + ǫα, which has order 2, is not in Q B 1 because it has norm 1 + ǫ. To prove the first isomorphism, it suffices to note that 1 + ǫα commutes with the generators α, Proof.
This shows that the group has exponent 2, so it is abelian.
The Bolza group as a congruence subgroup
Our target is to compare the Fuchsian group B, corresponding to the Bolza surface, to congruence subgroups of Q 
Proof. The projection modulo √ 2 provides an injection
which a priori need not be onto Q B 1 /Q B 1 (ǫ), even taking into account that every element of (Q B /2Q B ) × has norm 1. But in Proposition 12.8 we observed that the images of α, β ∈ Q
Proof. Noting that −1 ∈ Q 1 B (2), we investigate the chain of groups
Let φ : Q 1 sends δ to 1 + ǫβ ′ , and the normal subgroup B generated by the former, to the normal subgroup Q B 1 (ǫβ ′ ) generated by the latter.
Let Sym (3, 3, 4) Let us add this result to the observations made in Section 3, where we embedded
as a subgroup of index 2 in
via the map α → y and β → xyx. Since B ⊆ ∆ (3, 3, 4) is the normal subgroup generated by (αβ) 2 (α 2 β 2 ) 2 by Lemma 10.2, its image in ∆ (2, 3, 8) is (yx) 4 (y −1 x) 4 y,xyx , which happens to be normal in ∆ (2, 3, 8) , and the quotient group is
This quotient is isomorphic to GL 2 (F 3 ) by taking x → 0 1 1 0 and y → 1 1 0 1 .
We can also compute the quotient of B modulo the principal congruence subgroup it contains:
has order 4, and as a subgroup of Q B × (ǫ), which is of exponent 2 by Proposition 12.10, we obtain
as claimed.
is generated by B and the torsion element ̟ of (11.1).
Proof. As we have seen before, B is torsion free, so ̟ ∈ B, and B, ̟ strictly contains B, so the result follows from [Q
The Bolza twins
In this section we will present some explicit computations with the "twin" surfaces corresponding to the algebraic primes 1±2 √ 2 factoring the rational prime 7 in Q( √ 2). We first state a result on quotients coprime to 6.
Proof. It is convenient to make the substitution
since then
which, since α ′2 and β ′2 are invertible, is a quaternion algebra over the finite ring O K /I, so necessarily isomorphic to M 2 (O K /I).
We computed above that Q B /IQ B ∼ = M 2 (O K /I) for every prime ideal I⊳Z[ √ 2] which is prime to 2, 3. Therefore . These ideals give rise to twin surfaces analogous to the Hurwitz triplets (see [9] ), namely non-isometric surfaces with the same automorphism group. Note that by estimate (9.2), these Fuchsian groups contain no elliptic elements.
The normal subgroup of the triangle group generated by each of these in magma produces a presentation with 16 generators and a single relation of length 32. Thus, each of them corresponds to a Fuchsian group of a genus-8 surface. Therefore it coincides with the corresponding congruence subgroup, since it gives the correct order of the symmetry group (i.e., index in the (3,3,4) triangle group), namely order 168. Note that the congruence subgroup does not contain any torsion elements by (9.2). The numerical values reproduced below suggest that the systole of the surface corresponding to the ideal (1 + 2 √ 2)O K should be smaller than the systole of the surface corresponding to the ideal (1 − 2 √ 2)O K . 
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